Abstract: As a generalization of k-out-of-n:F and consecutive k-out-of-n:F systems, the consecutive k-within-m-out-of-n:F system consists of n linearly ordered components such that the system fails iff there are m consecutive components which include among them at least k failed components. In this article, the reliability properties of consecutive k-within-m-out-of-n:F systems with exchangeable components are studied. The bounds and approximations for the survival function are provided. A Monte Carlo estimator of system signature is obtained and used to approximate survival function. The results are illustrated and numerics are provided for an exchangeable multivariate Pareto distribution.
INTRODUCTION
Over the past two decades there has been much significant progress in reliability studies of consecutive type systems, which have been used to model telecommunication and oil pipeline systems, and vacuum systems in accelerators. The reliability properties and characteristics of such systems have been widely studied in the literature under various assumptions. One of the most widely studied systems is called consecutive k-out-of-n:F system, which consists of n linearly ordered components such that the system fails if and only if at least k consecutive components fail. Recent discussions on consecutive k-out-of-n systems appear in the works of Yun et al. [27] , Xiao et al. [26] , Navarro and Eryilmaz [16] , Eryilmaz [4] [5] [6] . See also Kuo and Zuo [14] for an extensive review of the topic.
A general consecutive system is known as consecutive kwithin-m-out-of-n:F system, consisting of n linearly ordered components such that the system fails iff there are m consecutive components which include among them at least k failed components. This system was first introduced by Griffith [8] and several alternative names, such as k-within-consecutivem-out-of-n:F and consecutive k-out-of-m-from-n:F have also been used for this system in the literature. This model involves consecutive k-out-of-n:F and k-out-of-n:F systems for m = k and m = n, respectively, and has applications in quality
Correspondence to: S. Eryılmaz (serkan.eryilmaz@ieu.edu.tr) control and radar detection. Bounds and approximations for the reliability of consecutive k-within-m-out-of-n:F system consisting of independent components have been proposed in the literature. For example, Sfakianakis et al. [23] provided lower and upper bounds for the reliability of such systems which consist of independent identical components. Iyer [12] studied the lifetime distribution of this system with independent exponentially distributed component lifetimes. Papastavridis and Koutras [21] presented upper and lower bounds for the reliability of linear and circular systems consisting of independent nonidentical components. Habib and Szantai [10] improved the bounds obtained by Sfakianakis et al. [23] by applying higher order Boole-Bonferroni bounds. Recently, Habib et al. [9] presented an algorithm to compute the reliability of multi-state consecutive k-within-mout-of-n:G system, which is the generalization of consecutive k-within-m-out-of-n:G system to the multi-state case.
Dependence among component lifetimes emerges from the common random production and operating environments. Analysis of systems that consist of dependent components might be difficult, especially whenever the system has a complex structure. In this article, we study the reliability properties of a consecutive k-within-m-out-of-n:F system which consists of exchangeable components. Systems with exchangeable components have been widely studied in the literature. See e.g. [1, 15, 17, 18, 20, 24] .
In the second section, we provide the definitions and notations that will be used throughout the article. In Section 3, we provide bounds and approximations for the survival function of consecutive k-within-m-out-of-n:F system consisting of exchangeable components. In the fourth section, we develop a method based on Samaniego's signature for simulating the reliability characteristics of the corresponding system. In Section 5, we provide numerical illustrations whenever the lifetimes of components have exchangeable Pareto distribution.
DEFINITIONS AND NOTATIONS
Below we provide the notations and definitions that will be used throughout the article.
n, the number of components; T i , the lifetime of component i; X i (t), the state of component i at time t:
n > t}, the survival function of consecutive k-within-m-out-of-n:F system; R X (t) = P {X > t}, the survival function of X; E(X), the mean time to failure (MTTF) for the system with lifetime X.
The main goal of this article is to study the reliability properties of consecutive k-within-m-out-of-n:F system with exchangeable lifetimes. A sequence of lifetimes T 1 , T 2 , . . . , T n is exchangeable if for each n,
The exchangeability means that the components have identical distributions, but they affect one another within the system. It is obvious that a sequence of independent, identically distributed (i.i.d.) lifetimes is exchangeable. Therefore, the results obtained in this article readily hold for a system with i.i.d. lifetimes.
Consecutive k-within-m-out-of-n:F system can be represented as a series system of n−m+1 dependent k-out-of-m:F systems. That is,
where T (j ) k:m shows the lifetime of k-out-of-m:F system of components with the lifetimes T j , T j +1 , . . . , T j +m−1 , 1 ≤ j ≤ n − m + 1. It is clear that the random variables (T (1) k:m , T (2) k:m , . . . , T (n−m+1) k:m ) have the common terms and this makes the problem of finding the exact reliability difficult, especially whenever T 1 , T 2 , . . . , T n are dependent, which is the case in this article. The random variables T (j ) k:m , 1 ≤ j ≤ n−m+1 are known as moving order statistics in the literature. Although the theory of usual order statistics has been well developed in the literature, less work has been done for moving order statistics. We may refer to David and Nagaraja [3, p. 140] for limited results on moving order statistics.
Using (1) we can represent the survival function of consecutive k-within-m-out-of-n:F system as
which denotes the total number of failed components among T j , T j +1 , . . . , T j +m−1 at time t. By the exchangeability we have
The latter equations can be obtained using Theorem 2.1 of George and Bowman [7] . For simplicity hereafter let
With the notation given above, Eq. (2) can be rewritten as
BOUNDS AND APPROXIMATIONS FOR THE SURVIVAL FUNCTION
In this section, we evaluate the probability
using various inequalities. We first obtain a lower bound using the second order Bonferroni inequality, also known as Hunter-Worsley inequality [11, 25] . This variant of Bonferroni inequality has been found to be very quick and useful for the reliability evaluation of consecutive k-within-m-out-ofn:F system consisting of i.i.d. components [10] . The proofs of the following Theorems are presented in Appendix.
THEOREM 1: Let (T 1 , T 2 , . . . , T n ) be an exchangeable random vector representing the lifetimes. Then for
, (4) or in terms of the joint survival function P T (1) k:m ≤ t, T (2) k:
The probabilities given in (4) and (5) can be easily calculated if the joint distribution (survival) function of lifetimes of the components is given.
An approximation formula for the survival function can also be obtained using the following product-type approximation formula [see, e.g. [2] ].
where the last equation follows from exchangeability. The probabilities in (6) can be easily evaluated using the equations given in Theorem 1. For example,
k:m > t = 1 − P T (1) k:m ≤ t − P T (2) k:m ≤ t + P T (1) k:m ≤ t, T (2) k:m ≤ t .
It should be noted that the probability given by (7) with m = n − 1 is actually the exact survival function of consecutive k-within-(n − 1)-out-of-n:F system.
].
SIMULATION BASED ON SAMANIEGO'S SIGNATURE
Samaniego [22] [see also Kochar et al. [13] ] proved that any coherent system with lifetime T and i.i.d. component lifetimes T 1 , T 2 , . . . , T n having absolutely continuous c.d.f.s, satisfies
where p i is the probability that the system fails upon the occurrence of the ith component failure, i.e. p i = P {T = T i:n }. More explicitly, p i = number of orderings for which the ith failure causes system failure n! ,
is called the system signature. Navarro and Rychlik [18] proved that the representation (8) also holds in the case whenever the lifetimes T 1 , T 2 , . . . , T n have an absolutely continuous exchangeable distribution. Signatures of consecutive k-out-of-n systems with several components are listed in Table 1 of Navarro and Eryılmaz [16] . The determination of the signature of a coherent system might be difficult except for some special 
cases. In Table 1 , we present the order statistic representation of the lifetime of consecutive 2-within-3-out-of-4:F system by writing out all possible permutations of T 1 , T 2 , T 3 , T 4 .
From Table 1 , we compute The signature of a system does not depend on the distribution of T 1 , T 2 , . . . , T n because
holds for any permutation π = (π(1), . . . , π(n)) [see also Theorem 3.2 of Navarro et al. [19] ]. Thus the system with exchangeable components has the same signature vector with the system with i.i.d. components. This is crucial for the development of our simulation. The simulation of the lifetime of consecutive k-within-m-out-of-n:F system without using this fact needs to generate random vectors from the distribution F (t 1 , t 2 , . . . , t n ) = P {T 1 ≤ t 1 , . . . , T n ≤ t n }. Because of the difficulty of this task, we first obtain the Monte Carlo estimates of the signature of consecutive k-within-m-out-of-n:F system consisting of i.i.d. components and then use these estimates to estimate the survival function of consecutive k-within-m-out-of-n:F system consisting of exchangeable components. That is, the estimator of survival function is given byR wherep i is the Monte Carlo estimate of the ith element of the signature vector and
where
. . , T j ).
We readily have P {T 1:
In Table 2 , we present the Monte Carlo estimatep = (p 1 ,p 2 , . . . ,p n ) for various values of n, m, and k. All simulation results are based on 50,000 repetitions.
Via the same simulation method we can also approximate the other reliability characteristics of consecutive k-withinm-out-of-n:F system. For example, mean time to failure (MTTF) of the system can be estimated from 
NUMERICAL RESULTS
In this section, we present some computational results when (T 1 , T 2 , . . . , T n ) has a multivariate Pareto distribution whose survival function is
It is easy to see that (T 1 , . . . , T n ) is exchangeable, and On the other hand, if a > 1, then E(
, and hence
.
We were able to compute the precise value of p for small values of n generating all the permutations of numbers from 1 up to n (MATLAB code is available on request). The precise values of p for n = 5, m = 3, k = 2, and n = 8, m = 3, k = 2 are found to be p = (0, 84/120, 36/120, 0, 0) and p = (0, 0.4643, 0.4643, 0.0714, 0, 0, 0, 0), respectively. These allow computation of the exact value of the survival function for n = 5, and n = 8 as provided in Tables 3 and 4 . These tables also include the bounds and approximations for the survival function. From Tables 3 and 4 it can be observed that the approximation based on simulation is rather effective, which suggests (9) could be used as a reference value for larger n where the computation of the exact value is not possible.
The simulation results along with the bounds and approximations for the survival function are presented in Tables 5-8 for n = 15, m = 12, k = 8; n = 15, m = 10, k = 8; n = 30, m = 10, k = 8, and n = 30, m = 10, k = 6, respectively. In Table 7 . Bounds and approximations for the survival function when n = 30, m = 10, k = 8. these Tables,R k,m:n (t) denotes the approximation computed from (6) andR k,m:n (t) shows the simulated reliability given in (9) . LB and UB denote the lower and upper bounds given in Theorem 1 and Theorem 2, respectively. We also compute (LB + UB)/2 as an alternative approximation. The performance of the approximation computed from (6) is relatively effective if m is close enough to n and/or k is close enough to m. That is, the closer m to n and/or the closer k to m, the better approximation. The approximation computed from (LB + UB)/2 seems stronger for larger n when m and k are fixed. However, since the lower bounds are much better approximations than the upper ones for small n (this can be observed comparing the rows of Table 3 with Table 4 , and Table 6 with Table 7 ) it might be more appropriate to use weighted average of bounds, e.g. (3 · LB + UB)/4 for small n. We also observe that for fixed a, the bounds and approximations perform better for smaller values of t (or equivalently for high reliability structures).
SUMMARY AND CONCLUSIONS
In this article, we studied the reliability of consecutive k-within-m-out-of-n:F system consisting of exchangeable components. The bounds and approximations based on the probabilities associated with moving order statistics were provided for the survival function of this system. The formulas have been represented both in terms of the joint c.d.f. and the joint survival function of T 1 , T 2 , . . . , T n so that the computations can be easily performed if either the joint c.d.f. or joint survival is known.
A simulation study based on Samaniego's signature was also performed to estimate the system reliability. The proposed method does not need to generate random vectors from the joint distribution of T 1 , T 2 , . . . , T n , which is a difficult task in Monte Carlo simulation. This method can be also used to estimate the other reliability characteristics of systems consisting of exchangeable components.
The performance of the approximations is satisfactory under particular selections of k, m, and n. The results obtained in the article are readily applicable for consecutive k-out-ofn:F (m = k) and k-out-of-n:F (m = n) systems which consist of exchangeable components.
APPENDIX
PROOF OF THEOREM 1: According to the Hunter-Worsley variant of Bonferroni inequality we have
Using this inequality for (3) one obtains
By the exchangeability we have
The probabilities in (10) can be computed using the following equations. P T (1) 
and P T (1) k:m ≤ t, T (2) k:
Consider the probability in (12) . It is clear that
Thus P T (1) k:m ≤ t, T (2) k:
Therefore the proof of (4) is completed. For the proof of (5) we need to write (13) in terms of joint survival function (or g(a, b) ). It is clear that P X 1 (t) = 1, X m+1 (t) = 1, S (2) m−1 (t) = k − 1 = P {E k,m } − P {E k,m ∩ {T 1 > t}} − P {E k,m ∩ {T m+1 > t}} + P {E k,m ∩ {T 1 > t} ∩ {T m+1 > t}}, (15) where E k,m denotes the event of {m − k of T 2 , T 3 , . . . , T m are greater than t}. 
and
Using (16)- (18) in (15) and considering (15) in (13), we complete the proof of (5).
PROOF OF THEOREM 2: It is clear that R k,m:n (t) = P T (1) k:m > t, T (2) 
